Convex PBW-Type Lyndon Bases and Restricted 
Two-parameter Quantum Groups of Type B 



Naihong Hu* and Xiuling Wang* 

Abstract. We construct convex PBW-type Lyndon bases for two-parameter 
quantum groups Ur,B{s02n+i) with detailed commutation relations. It turns 
out that under a certain condition, the restricted two-parameter quantum 
group Ur.,3 (0O2n-|-i) s are roots of unity) is of Drinfeld double. All of Hopf 
isomorphisms of Ur,s {s02n-|-i), as well as Ur,s{s[,i) are determined. Finally, 
necessary and sufficient conditions for Ur,s {s02n+i) to be a ribbon Hopf algebra 
are singled out by describing the left and right integrals. 



1. Introduction 

1.1. In 2001, from the down-up algebras approach, Benkart-Witherspoon in [BWl] 
reobtained Takeuchi's definition of two-parameter quantum groups of type A. Since 
then, a systematic study of the two-parameter quantum groups has been going 
on, for instance, [BW21 IBW3) for type A; |BGHll IBGH2) for type B, C, D; 
[HSj [BH. for types G2, Eg, E7, Es- For a unified definition, see [HP] . Hu-Rosso- 
Zhang |HRZ| defined the afRne type A case, obtained its Drinfeld realization in 
two-parameter quantum version and constructed the quantum affine Lyndon basis. 
Furthermore, the vertex operator representations of level 1 for the two-parameter 
quantum afRne algebras Uresis) can be established (cf. [HZj . etc.). While, in the 
root of unity case, Hu-Wang |HWj generalized the work ' BW3| to the restricted 
type G2 case. The goal of this paper is to solve the restricted type B case with 
overcoming some peculiar difficulties itself in this case. 

1.2. In the study of Lusztig's symmetry property for the two-parameter quantum 
groups in question. Theorem 3.1 [BGHl] says that the Lusztig's symmetries only 
exist as Q-isomorphisms between Ur,s{Q) and its associated object f/s-i,r-i(0) when 
rank(0) = 2, and in the case when rank(0) > 2, the ^Hff" condition for the existence 
of Lusztig's symmetries forces Ur^sio) to take the "one-parameter" form Uq q-i{g), 
where r = q = . This means that one cannot conveniently write out the convex 
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PBW-type basis for Ur,s{8) like in the one-parameter cases using Lusztig's braid 
group actions in a typical fashion (see [Luj ) . This is one of difficulties encountered 
in the two-parameter setting. Note that the combinatorial construction of the 
PBW-type bases in the quantum cases is available but nontrivial, as it depends not 
only on the choice of a convex ordering ([Bl IRoj ) on a positive root system, but 
also the inserting manner of the q-bracketings with suitable structure constants (see 
jRo|, IHRZ] ■ etc.) into the good Lyndon words (cf. |LR|, IRo] ). The constructions 
of convex PBW-type bases in the two-parameter cases have been given for type 
A in |BW3| . types Eg,Et,Es in [BH I , for types B2, C2, -D4 in (H, and for type 
G2 in |HW] . Indeed, in order to study the properties of restriced quantum groups 
as finite-dimensional Hopf algebras, it is necessary to find the nice bases for the 
corresponding nonrcstricted quantum groups at generic cases. The first thing of 
the article is to present a direct construction for a convex PBW-type Lyndon basis 
of type B (for arbitrary rank) and provide explicit information on commutation 
relations among basis elements that is decisive to single out the left (or right) 
integrals of Ui.^s(s02n+i)- Note that the complexity of Lyndon bases corresponding 
to the nonsimply-laced Dynkin diagrams causes more inconvenience when treated 
with the type B case here. 

1.3. The paper is organized as follows. Section 2 is to give the construction of 
Lyndon bases for [/r,s(s02n+i)- In Section 3, we contribute more efforts to make 
the possible commutation relations clearly. These give rise to central elements of 
degree £ in the case when parameters r, s are roots of unity, which generate a Hopf 
ideal. The quotient is the restricted two-parameter quantum groups Ur,s(s02n+i) 
in Section 4. In Section 5, we show that these Hopf algebras are pointed, and 
determine all Hopf isomorphisms of Ur,s(s02n-i-i), as well as Ur,s(s[„) in terms of the 
set of (left) right skew-primitive elements. Section 6 is to prove that Uj-^s (502^+1) 
is of Drinfel'd double under a certain condition. In Section 7, the left and right 
integrals of b are singled out based on the discussion in Section 3, which are applied 
to determine the necessary and sufficient conditions for Ur^s(s02n+i) to be ribbon 
in Section 8. 



2.1. Let IK ~ Q(r, s) be a subfield of C, where r, s e C* with assumptions ^ 
and r"* ^ s"*. Let $ be a root system of S02n+i with H a base of simple roots, 
which is a finite subset of a Euclidean space E — M.'^ with an inner product ( , ) . 
Let ei, • ■ ■ , e„ denote an orthonormal basis of E, then H = {oi = — e^+i | 1 < 
i < n} U {an = £«}, $ = {icj ± | 1 < « 7^ j < U {zte^ \ I < i < n}. In 
this case, set = — g{ai,ai)^ -j-j^g^^ ^.^^ = . . . = rn-i = r^,r„ = r and 
2 

5i — ■ • • — 'Syi~1 — -5 , Sn — S. 

Given two sets of symbols W — {uji, ■ ■ ■ , a;„}, W = {uj'i, ■ ■ ■ ,oj'n}. Define the 
structural constants matrix {{uj[, (-Uj))nxn of type B by 



2. C/r,s(s02ri+i) and its convex PBW-type Lyndon basis 
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Definition 2.1. f [BGHlj ) Let U — Ur,siso2n+i) be the associative algebra 
over K generated by e^, /j, u)^^, (^[^^ < i < n) subject to relations {Bl) — (i?5): 

(Bl) The ujf^^uj'j^^ all commute with one another and ujiuj^^^ = 1 = Lu'^aj'^^^. 

(-63) io'jCiUj'f^ ^ {uj'j.ujiy^ei, uj'^ fiUj'f^ ^ {uj'j,uji) fi. 

(54) [e,,/^.]=5,^.it:i^. 



(55) (r, s)-Serre relations 

(ad,e,)i-°- (ej) = 0, (ad./O'""- {fj) = 

are given by its Hopf algebra structure on C/r.s(s02n+i) with the comultiplication, 
the counit and the antipode as follows 

A(eO ^ e^®l + Wi®e„ A{fi) ^ I ® f, + fi ® uj[, 
e{u;f)^e{u;f^) = l, e(e,) = e(/0 = 0, 

S{et) ^ ~uj:r^e.„ S{fi) = -fiuj[^^ . 

Whenr = q = s^^, Ur,sis02n+i)/I — Uq{s02n+i), the standard Drinfel'd-Jimbo 
quantum group, where / = {ui^ — ui^ , V z) is a Hopf ideal. 

2.2. U has a triangular decomposition U = U~ ® C/" (8) [/"'", where is the 
subalgebra generated by ujf^,uj'^^^, and ?7+ (resp. U~) is the subalgebra generated 
by Bi (resp. /i). Let B (resp. K') denote the Hopf subalgebra of U generated by 
ej,Lij^^ (resp. fj,ujj^^) with 1 < j < n. 

Proposition 2.2. f [BGHl| ) There exists a unique skew-dual pairing (,) : 
B' X B ^ K of the Hopf suhalgebras B and B' such that 

{fi.e.j)=5ij — ^ — , 1 < i, j < n, 

Si ~ r, 

and all other pairs of generators are 0. Moreover, we have (5(a), S(b)) = (a, b) for 
a€B',beB. 

2.3. Write the positive root system = {a^, ee, Pij \ ^ < i < j < n,! < £ < n}, 
where := ai + ai+i + ■ • ■ + aj-i = - e^, = + a^+i + • ■ • + a„, := 

ai + ai+i + h 2a„ + a„-_i + ■ • • + Qfj — + . To a reduced expression of the 

maximal length element of Weyl group W for type Bn (see |CXp taken as 

Wo = (siS2 • • • s„_is„s„_i • • • S2S1) • • • (s„_is„s„_i)(s„). 
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there corresponds a convex ordering on below: 

Q^12, CH3j ••■ , Ctin, ei, Pin, '•• , /3l3j Pl2, 
a23j ••■ , a2n, £2, /^2n, ■■• , /323, 

Remark: The above ordering also corresponds to the standard Lyndon tree of type 
(lEEl): 

Bn ■ O O ■ ■ O O O O ■ ■ O O 

i i+1 n-1 n n n-1 i+2 i+1 

Denote by 8a the quantum root vector in for each a G <i>^. Briefly, we 
set £i_j :— EoLi j+i for 1 < « < j < n; £i^n '■— for 1 < « < '■— j for 

1 < i < j < n; in particular, Si^i := S^i — &i for 1 < i < n, where in our notation 

cti = a-i^i+i [i < n) and = e„. 

2.4- With the above ordering and notation, following the grammatical rule of good 
Lyndon words with inserting (r, s)-bracketings, we can make an inductive definition 
starting from the bottom to up of the above root-ordering graph as follows. 

Definition 2.3. For a e $+, define £a inductively 

(2.1) Sui = Gi, I <i <n, 

(2.2) Si^j = e^S^+ij - r^S^+ijei, I < i < j < n, 

(2.3) ^i^n' — ^i.n^n '^^n^i^ni 1 ^ i ^ Ti 1, 

(2.4) £ijv = fij+i/Cj - s"^ej£ij+i/, 1 < i < j < n - 1. 

Then the (r, s)-Serre relations for in {Bb) can be reformulated as 

(2.5) ei£i^i+i = s^EiA+iCi, 

(2.6) fj,-,+iej+i = s^ej+ifj_j+i, 

(2.7) ^n— l,n'^7i — ^ ^71^71— l.n' 7 

for l<i<n— 1, I < j < n — 1. 

Remark: (i) From [Roj . the set of quantum Lie brackets (or say, q-bracketings) of 
all good Lyndon words consists of all quantum root vectors of C/+ (for definitions 
to see Remark 3.7 (3) in |HRZ| . pp. 467). 

(ii) As for how to insert (r, s)-bracketings into each good Lyndon word in type 
B case, in [H] an observation was obtained via a representation theoretic analysis 
in rank 2 case, that is, we have to obey the defining rule as := [£^a, ^^/3](w^,w^)-i = 
£a£p — {uj'a,uji3)~^£l3£a fora,7,/9 G such that a < 7 < /3 in the convex ordering, 
and J = a + p. 

2.5. According to [HI E EqI [LR], we have 

Theorem 2.4. { £^ci ■ CXuK-^a^-C-i ' ' ' ^^S^' ' ' ' ^Z^^Zr ' ' ' ^2^ 
• • • ^iX'^i?n ■ ■ ■ (ci, • ■ • , c„2) e I forms a convex PBW-type 

Lyndon basis of the algebra . □ 
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Remark: (1) One can take a lexicographical ordering on the set of positive quantum 
root vectors provided that one puts j := 2n — j' + 1 for 1 < j' < n. That is, the set 

{ ^ipJp ■ ■ ■ ^i2.j2^ii,h I Ji) < (i2,i2) < ■ • • < (ip, jp) lexicographically ] , 
where 1 < ii < n and I < ji < 2n, is a basis of the algebra U'^ . 



(2) The set of elements £i^i£i%£i% ■ ■ ■ ^l^n^l^n'^ ' ' ' ^^r2"'"''^^2'2"'^^2'3"^' ■ ■ ■ £. 



2.3' 



2,ri 

'orms 



^3^3 ' ■■■ ^«-i,n-i^n-i,n^,';-i,i'^"?n ((ci, ' ' ' , c„2 ) £ iV"' ) forms a basis of U+. 

2.6. The following r plays a key role in describing Lyndon basis (see |HRZ| ). 

Definition 2.5. Let r be the Q-algebra anti-automorphism of Ur,s{502n+i) 
such that T(r) = s, r(s) = r, T{{ijj[,ujj)'^^) = {io'^.uji)^^ , and 

Then = t^^) with those induced defining relations from B, and those cross 
relations in (B2) — (B4) are antisymmetric with respect to r. □ 

Using T to we can get those negative quantum root vectors in U~ . Define 

Ti^i = t{£i.i) = /j for 1 < I < n, and 

(2.8) Ti^j = T{£i^j) = Ti+ijfi - fiTi+ij, l<i < j <n, 

(2.9) -Fi^ji' — '^(y^i^n') — fn^i,n '^^-F^i,nfni 1 ^ Z ^ — 1, 

(2.10) = T{£,,y) = fjT^.j+v - r-^T,,j+vfj, l<i<j <n~l. 
Corollary 2.6. { • • • Tl-^K::,' ■ ■ ■ Tl^^r' ■ T^%^:F',T' ■■■T. 

^CSn-i ^C4n-i .j^-'^n^-S .r-^n^-l ^^n^ / \ r^n^ \ f 

■'2,11' '''■''2,3' ''''■' 'n.-l,n-l~^n-l,n-' n-l,n' ' ■^n^'n- [^1,-'' j C„2 j fc > J( 

a convex PBW-type basis of the algebra . □ 
3. Commutation relations and homogeneous central elements 

3.1. Commutation relations in . We will make more efforts to explicitly cal- 
culate all possible commutation relations, which are useful for determining central 
elements in subsection 3.2 and integrals in Section 7. We point out the fact that 
these commutation relations or say, (r, s)-identities hold in arises essentially 
from the (r, s)-Serre relations (55). First of all, we pay attention to the following 

Question: Is the defining result of (r, s)-bracketings in Remark (ii) unique 
for those non- unique decomposition of 7 = a' + /?' such that a' , /?' G and 
a' < 7 < /?'? i.e., does it have [fa', f/3'](u;^,,^^,)-i = [£a,£p\{oj'^,u,^)-^ for such a 7? 

Lemma 3.1 (3) & (4) below have a positive answer to this question provided 
that we work under the structure constants matrix listed in subsection 2.1. We will 
see that Lemma 3.1 (3) & (4) are not only the most basic ones in all commutation 
relations involved but also well-adopted to our calculating technique. 

For simplicity, we write (r, s)-bracketings by [£a,£p\m = [£a,£i3\{uj'^,uip)-^ briefly. 

Lemma 3.1. The following relations hold in [/+ : 

(1) £i,j£k,i = £k,i£i,j, i < j, j + 1 <k <l <n; 

(2) £i,j£k,i' = £k,i'£i,], i < j, j + 1 < k <l <n; 

(3) £i,j ^ £ij-i£ij - r'^£i^j£^,i^i, i<l<j<n; 

(4) £,,j> = £ij^i£i^j> - r'^£ij>£,,i^i, i < I < j < n. 
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Proof. (1) & (2) follow directly from the (r, s)-Serre relatfon {B5). 

(3) : We fix I and j with I < j and use induction on i. If i = / — 1, this is just 
the defining formula (2.2) of £ij. Assume that i < I — 1, then we have 

= ei£i+ij^i£ij — r'^£i+ij-i£ijei 

= ei{r'^£i,j£i+i,i-i +£i+i,j) ~r'^{r'^£uj£i+i^i-i + £,+i,j)ei 
= r^fijeif,;+i^;_i + ei£i+ij - r'^£i^j£i+i^i^iei - r^fi+ijCi 
~ r'^£ij£ij-i + £ij 

by (1), the induction hypothesis and the defining formula (2.2). 

(4) : The following expression can be easily verified: 

£i,n' = et£i+i^n' - r^£i+\,n'Gi, 1 <n-2. (*) 
Indeed, for i < n — 2, we have CiCn = e„ei. By the defining relation (12. 3|) . we get 

^i£i+l.n' ^i(.£i-\-l,n^n '^^^7i£i+l.n^ 

— {£i^n ^ ^ £i+l^n^i)^n ^^^n{£i,n ^ £i+l,n^i) 

— £i,n' ^ ^ £i+l,n' ^i- 

We suppose initially that j — n and i = Z — 1, this is just the relation in (*). 
Now assume (4) is true for fi+i.„/. This means i+1 < I- Then using (2), 
Si£i,n' — £i,n'&i- By the induction hypothesis and (>(!), we obtain 

£i,l-l£l,n' — {Gi£i+l,l-l — r'^£i+l,l-iei)£l^n' 

= ei{£i+l,n' + ''^^^n'^^i+l,;-!) ~ T'^£i+l,l-l£l,n'^i 

= ei£i+i^n' + r'^£i,n'ei£i+i^i-i — 7-^fi+i_„'ei — r'^£i^n'£i+i,i-iei 

— £i,n' ~t~ T £i .fi'£'i i — i. 

Finally, assume (4) is true for £i.j+i' with i < I. Since i < /—I < I < j, 
ej£i^i-i = £i^i-iej by (1). Using the defining formula (2.4) and the induction 
hypothesis, we get 

= {£id-i£i,i+v —r"^ £i,i+v £ij-i)ej—s~'^ &j{£i,i-i£i,j+v —r'^ £i,j+v £id-i) 
= £ij-i£i,j+i'ej—r'^£i,j+i'ej£i,i-i~s '^£ij^iej£ij+i'+s ^r^Cjf; 

= £id-i£i,j' ~ r'^£Lj'£id~i- 

Thus, the proof is complete. □ 



Lemma 3.2. The following relations hold in C/+ : 



(1) 


^i£i,j — 


S £i^j^ii 


I < i < j < n; 


(2) 


^i£i,j' — 


^ £i,j'^ij 


i + 1 < j < n; 


(3) 


^i.j^j ~ 




1 < i < j < n; 


(4) 


£i,n'^n " 


— S eYi£i^n' J 


1 < i < n; 


(5) 




' T Sj£i,j' , 


1 < i < j < n. 



Proof. (1) follows directly from the (r, s)-Serre relations (i?5), (2.5) and 
Lemma 3.1 (1) & (3) as one can decompose £ij = [£i^i^i, £ij^2,j]r^ ■ 
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(2), (3) & (4) can be proved similarly using the (r, s)-Serre relations (-85), (2.6) 
or (2.7), together with Lemma 3.1. 

(5) will be proved in Lemma 3.6 (2). □ 



Lemma 3.3. The following relations hold in : 



(1) 


eiSij = 








i <l < j <n: 


(2) 








r'^)ei£ij, 


i <l < j <n; 


(3) 










i < k <l < j <n; 


(4) 










i <l <j <n; 


(5) 




- s^£- £ i 






i <l < j <n; 


(6) 




= £'LrGi; 






i <l,l + l < j <n; 


(7) 




- {r.sf£i^f£i 


,1 = {s' 


-P)ei£ij', 


i < 1,1 + 1 < j < n; 


(8) 


^k,l 








i < k <l,l + 1 < j <n; 


(9) 




- S^£- ,£■ ; 






i<l,l + l<j <n. 



Proof. (1) & (2): Using Lemma 3.1 (3) to £ij and Lemma 3.2 (3), we get 

£i,i£i,j - {rsf£i^j£i^i 

= £i,i{ei£i+ij - r'^£i+ijei) - {rs)'^{ei£i+ij - r^£i+ijei)£i^i 

= s'^ei£i^i£i+ij - r'^£ij£i+ijei - {rsfei£i+i^j£i^i + r^£i+ij£i^iei 

— 5 ei£i^j V £i^jei. 

Again, using Lemma 3.1 (3) to £i^i and Lemma 3.2 (1), we have 

£i,i£i,j - {rs)'^£ij£ij 

= {£i,i-iei - r'^ei£i,i-i)£ij - {rsf£ij{£i,i-iei - r'^ei£i,i-i) 

= s'^£i^i-i£ijei - r'^ei£i^i-i£ij - {rsf£ij£i^i-iei + r^ei£ij£i^i-x 

Combining the above results, wo have (r^ + s'^)ei£ij = (r^ + s^)£ijei. By 
assumption + s"^ 0, we obtain (1), hence (2). 

(3) is a direct consequence of (1). 

(4) follows from (3) and Lemma 3.2 (3) since £i j = [£i j-i,ej]r2 by Lemma 3.1 

(3). 

(5) can be proved similarly to (4), by (3), Lemma 3.1 (3) and Lemma 3.2 (1). 

(6) , (7): can be proved similarly to (1) & (2), respectively. 

(8) follows from (6). 

(9) follows from (8), together with Lemma 3.2 (2). □ 



Lemma 3.4. The following relations hold in {7+ : 



(1) 


£i,n£j,n (rs)£j,n£i^n — £j,n—l£i,n' r £i^n 


'£j,n — li 


i<j<n; 


(2) 


£j,k£i,k+l'—r^£i^k+l'£j,k = £i,k+2'£j,k+l — S~ 


'^£j,k+l£i,k+2' 


i<j<k<n 


(3) 


£n—l^n£n — l.n' — S £n — l,n' £n—l,n'i 






(4) 


£i. j'en — (^^) ^n£i,j' ■> 




i<j<n; 


(5) 


£i.n^ £n—l,n — £n—\,n£i,n'i 




i<n—l; 


(6) 


£i,n' £n—l,n' — ^ £n—l.n' £i.n' ^ 




i<n—l; 


(7) 


£i,n — v£n — l,n ^ £n—l,n£i,n — Vi 




i<n—l; 


(8) 


£i,n—l'£n—l,n' ~ {'^^ ) £n—l,n'£i,n—Vi 




i<n—l. 
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Proof. (1): By Lemma 3.3 (3), we have £i^n£j,n-i — £j,n~i£i,n- So by Lemma 
3.1 (3), we obtain 

£i,n£j.n — £i.n{£j,n—l^n ^ ^n£j.n — l) 

— £j,n—l£i,n^n ^ £i,n(^n£j.n — l 

— £j,7i—l£i,7i' ^^ ^^£j,n — l^n£i.n ^ £i,n' £j.n—l ^ ^^7i£i,n£j,n—l 

— f. ,f. ,-i.rsf- F -r'^F- ,F- 

(2): By Lemma 3.3 (8), we have £j,k£i,k+2' = £i,k+2'£j,k- Using £j,k+i = 
£j,kek+i - r'^ek+i£j,k, we obtain 



£j,k£i,k+l' — £j,ky£i,k+2'C'k+l — S ek+l£i,k+2' 

— £i,k+2'£j.kek+l — S~'^ £j,kek+l£i,k+2') 
= £i.k+2'£j.k+l + r'^£i.k+2'ek+l£j.k 

— s '^£j.k+i£i,k+2' — r'^s '^ek+i£i,k+2'£j,k 

= 1''^£i,k+v£j,k + £i,k+2'£j,k+l — S '^£j^k+l£i,k+2' ■ 



(3) can be proved by the same argument used in checking the commutation 
relation (6) of Lemma 3.6 in |BGHlj (where the identity 5i'2^^i2 = t^£i2£i'2 was 
actually verified for type C2 case by only using (r, s)-Serre relations). 

(4) : It suffices to check the case when j — n—1, i.e., £i_„_i'e„ = (rs)^e„5i.„_i', 
since for any j < n - 2, e„ej = ejCn and 5;^/ = [• • • [£i.n-i',en-2]s-'^r ' ' , e^- ]^-2, 
then £ij'e„ = {rs)'^en£i.j' . 

Observe that (4) in the case when j = n—1 is equivalent to (5): 

£i^n—V^n ir^) ^n£i^n—V 

— (^£i,n'^n — l -5 ^n—l£i.n'^ ^71 (^'^) ^n{£i^n'^7i — l ^n— l^i.n') 

— £i,7i'^7i—1^7i ^7i — 1^7i£i^7i' ^ ^i,n' Cn^n— 1 "^"^ ^7i^7i—l£i.n' 

— £i^n' £71— 1,71 £n — l,7i£i,7i'- 

Since for z < n — 2, we have the decompositions £i,n-i' = [£i,n-3, £7i-2.7i-i']r^ 
and £i,n' ~ [£i,n~3, £7i-2.7i']r^ , by Lemma 3.1 (4). Thus, this reduces to verify 

fn-2,n-l'e„ = (rs)2e„f„_2,n-l' Or equivalently, 5,i-2,n"^^n-l,n = '?ri-l,nfn-2,n'. 

While the latter is equivalent to (3) under assumption ^ s^. 
Indeed, using (2.3) and (1), we at first have 

^n — 2,n^n — l.n' i^^) £71 — 1.71' £71 — 2.71 

= {£n-2,n£7i-i,7i)e7i-rs[£n-2,7ie7i)£7i-i.n-{rsY £71-1,71' £71-2,71 (by (1), (2.3)) 

s£ji—\ 'fi£'[i — 2,7i'^^7i — l£7i — 2,7i' ^ £7i — 2,7i'^n — l^^n 
T s£n — 2,n' £n—l,n (^'^) ^n{£n — 2,n£n—l,7i) (^'^) £n — l,n'£n — 2,n 
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— TsSji—X^ji {^n—2,n' ~^'^^^n^n — 2.ri) H"^ ^n—l^n^n—2,n' ^ ^n—2,n' ^n—l^n 

TsSn—2,n' ^n~l,n {tS^ Gn ^Ts£fi—i_fiSn — 2,n~^^n—l^n—2^n' ^ ^n— 2,n'^n— 1^ 

— {rs)^8n-i,n'£n-2,n (applying (2.3) to the terms underlined) 

rS^77,_2,n'^n — l,n {tS^ 677,677,— 1^77,-2,71' ^n—2,n' 
= {rS-\-s'^)£n-l,n£n-2,n'-{r'^-\-rs)£n-2,n'£n-l,n- 



Next, using Lemma 3.1 (3), together with (3): £n-i,n£n-i,r, 
and Lemma 3.1 (4), we have another expansion 



S £n—l,n'£n—l,n 



I^n—l.n^n — l.n' ^ £"n — l,n^n—2£n—l,n' 



£n—2,n£n—l.n' {tS^ £n—l,n' £n—2.r. 
— ^n—2^n—l,n^n — l,n' 

— {rsf'£n-l,n'en-2£n-l,n + {'T''^ £n-\,n' £n-l,n^n-2 
~ 5 ^n—2£n—\,n'£n—\,n ^ £"n—\^n^n—2£n—\,n' 

(rs) ^^77,— ij77,/677,— 2^n— l,n ~l~ ^ ^n— l,n^n— l,n'^n— 2 
= S £ji—2^n'^n—l^n ^n— l,n^n— 2,n' • 

Combining the above two expansions, we obtain 

£n—2,n'£n—l,n — £n—l,n£n—2^n'-) 

under assumption ?-2 + rs + .s2 ^ 0. 

(6) & (7) follow from (5), owing to (2.5) & (2.7). 
(8) follows from (7) & (4). 



□ 



Lemma 3.5. The following relations hold in : 



(1) 




— F F f 


1 <i < j <n; 


(2) 


F F ■ , 


(ts) £j^n'£i,n — ^£i,n' £j^n^ 


l<i<j<n; 


(3) 






^ < i < j < n; 


(4) 


F iF ■ 


- s^E- >£■ > 


l<i<j<n; 


(5) 


£i,l'£j,n 




i < j < I < n; 


(6) 


£i,l'£j,n' 


= (rs) ^j^n'^i^l' 1 


i < j < I < n. 



Proof. (1): Note that fi,„'f„-i,„ — £n~-i,n£i,n' by Lemma 3.4 (5). So for 
j < n-2, £i^n'£j,n-2 = £],n-2£i,n' since £i,n' = [^^i,n,e„]rs and both £i^ri and 
e„ commute with £j.n-2 (by Lemma 3.3 (3)). Hence, Lemma 3.1 (3) gives us a 
decomposition £j^n = [£j,n-2, £n-i,n]r^ j from which we obtain the required result. 

(2): By (2.3), and using Lemma 3.2 (4), Lemma 3.4 (1), we have 



£■ F ■ , 



(rs) £j^^'£i^ 



— (,£i^n£j,ri)^n '^s(^£i^rL^n^£j,n (rs) £j^n{^n£i^n) ^" ^) ^n£j^n£i, 
= 'f's£j^fi£i^iT,^n~^£j,n—l£i^n'^n ^ £i^n'£j,n—l^n 

Vs{£i^ji>-\-VSen£i^Ti)£j^yi (rs) ^j,ri(^ri^z,n)~t~(rs) e'n£j^n£i,n 
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TsSj^Yi^i,n' ^^^i,n' ^j,n~^^ ^j,n—l^n^i,n' ^ ^i,n'^j,n—l^n 

which gives the required result using (1). 

(3) : First of all, we claim that Ei^nEi^n' = s^Ei^n'Ei^n- When i = n — 1, this is 
Lemma 3.4 (3). For i < n — 1, it follows from (1) since fi+i,n^z,n' = Ei,n'Ei-^\^n and 

^iEi^n' — ^ Ei^-fi'Bij aS well aS Si^ri — [ ^i? "^i+l.njr^ • 

Next, noting f^j/ = [• • • [^i,n', e„_i]s-2, • • • , ej\g-2 and 5i,„efe = ek£i,n for i < 
j < k < n, together with the above assertion, we obtain the required result. 

(4) follows from (1), Lemma 3.2 (4) as well as Sj^n' = [^j,n,e„]rs. 

(5) follows from (1) and £,j> = [• • • [£^i,„', e„_i]s-2, • • • ,ei]g-2, as well as ekSj,n 
= Sj^n^k for any k with j < I < k < n. 

(6) follows from (5) & Lemma 3.4 (4). □ 

Lemma 3.6. The following relations hold in C/+ : 

(1) [£ij',ei+i], =0, I < i < j < n, i j -2; 

(2) £i,j>ej = r~'^ej£ij', 1 <i < j <n; 

(3) [£i^i+i',e^+2], = 0, l<z<n-l; 

(4) Sijiei = eiSij:, i < j < I < n; 

(5) £i,i'£i,j' = r~'^£ij'£i,i', i < j <l <n; 

(6) £i,i'£j,k' = {'rsY£j,k'£i,v-, i < j <l <k <n; 

(7) £i,i'£j,i> = s'^£j^i>£i^i>, i < j <l < n; 

(8) £i,n-i£i,n' - {rsf£i^n'£i,n-\ = s{s-r)£l^, l<i<n. 

Proof. See the appendix. □ 
Lemma 3.7. The following relations hold in f7+ : 

(1) £i^k£i,k+l' — {rs)'^£i^k+l'£i,k = S^£i,k+2'£i,k+l—S~'^£i,k+l£i,k+2', k < n~l 

(2) £j,j+i£j,j+r = {rs^y£jj+v£jj+i, j <n-l 

(3) fj-i^jvf^j+i, = {rs^)^£jj+y£j-i,j,, j <n-l 

(4) £^j,£jj+i, = {rs'^)'^£jj+i'£ij', i < j <n-l 

(5) £j^k£j,j+i' = {rs'^Y£j^j+v£j,k, j <k <n 

(6) £j-i^j£^j> = {rs)'^£i,j'£j-ij, i + 1 < j <n 

(7) £i,k£i,j' = (r.sf£ij,£i,k, i < I < j < k < n 

(8) £i,k£i,3' = {r-s'^)^£i,j'£i,k, i < j < k < n. 

Proof. (1): The proof is similar to that of Lemma 3.4 (2) and noting that 

£i,k£i,k+2' = s'^£i^k+2'£i,k- 

(2): Using (1) and Lemma 3.2 (5), we obtain 
^j,j+i^j,3+i' = -r'^ej+iej)£jj+v 

= r^ej£jj+vej+i - r'^ej+iej£jj+v 

= r'^({rsf£jj+vej + s^£jj+2'£j,j+i - s-^£jj+i£jj+2'^ej+i 

- 'T^ej+i (^{rsf£jj+vej + s'^£jj+2'£j,j+i - s"^5j,j+i5jj+2') 
= (r'^sf^jJ+i'^jJ+i + {rs'^f£j,j+i'£j,j+i - irs~'^f£j,j+i£j,j+i'. 
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So we have 

(1 + r-'s-^)8,,j+^8,,j+v - (r.2)2(i + s-^)£,,,+v£,,j+^, 
since 1 + r^s~^ ^ 0, we get 

(3) : By Lemma 3.6 (2), (4) & Lemma 3.4 (4), we have 

= ('"«^)^(Pj^j+ij+2' -r'^£j+i,j+2'ej)£j-ij' 
= {rs'^f£j,j+2'£j-i,j'. 
Again, by Lemma 3.6 (4), we arrive at 

^j-ij'^jj+i' = ^j-i-J'i^jJ+^'ej+i - s '^ej+i£j,j+2') 

= {rs^f{Sj.j+2'ej+i - s-^ej+i£jj+2')£j-i,j' 

(4) fohows from (3), together with ei£jj+i' = £jj+i'ei for i < I < j — 1. 

(5) follows from (2), together with Lemma 3.6 (4). 

(6) An observation when i = j — 2 comes from the proof of Lemma 3.6 (3), for 
j < n. For i < j — 2, it follows from Lemma 3.1 (1). 

(7) follows from (6), together with Lemmas 3.3 (6) & 3.6 (4). 

(8) follows from (7), together with Lemma 3.2 (2) for i + 1 < j, but the case 
for i + 1 = j follows from (2) as well as Lemma 3.6 (4). □ 

3.2. Central elements. Restrict two parameters r and s to be roots of 1: r is a 
primitive dth root of unity, s is a primitive d'th root of unity and i is the least 
common multiple of d and d' . From now on, we assume that K contains a primitive 
£th root of unity. 

The following Lemma is useful to derive some commutator relations. 

Lemma 3.8. Let x, y, z he elements of a ^-algebra such that yx = axy + z for 
some a G K and m a natural number. Then the following assertions hold 

(1) If zx = (5xz for some a) e K, then yx'"- = a™a;™y + "-"'zIT x^~^z; 



(2) Ifyz = /3zy for some a) e K, then y'^x = d^xy"" + 



a-/3 

Based on Lemma 3.8 and by induction, one can easily check the following 
Lemmas, where the (r, .s)-integers, factorials and binomial coefficients are defined 
for positive integers c and d by 

w 



[c]i := ^ [c]i\ := [c]i[c - 1]^ • • • [2]i[l]i, 



Si 



[d]i\[c-d]i\- 



Write in brief [m] = [m]i for i < n. By convention [0]i = and [Ojj! = 1. Denote 

am = ^'^ ~(lJs)(r2_~2] -, Pm = '""l^ ' ^^^^ = •^^"m + l"^'^ Pm and 

For f ™- {i < j < n) and £^^, [i < n) with m G Z+, we have 

Lemma 3.9. For m G Z+ and i < j < n, the following equalities hold 
(1) e,_i£:" = r^-f ™.e,_i + [m] £^-^£, 



2m^ . . . pm _i_ r^l p. ... pm-1. 



(2) f ™.e,+i = r^^e.+if ™. + [m] £i,j+,£l 
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(3) Cji — lG-ji — OCrn^ji ^n—l,n' ~t~ ^ Pm^^ ^n — l,n ~i~ ^ 

(4) Sr-^en = (rs)'"e„f r^„ + s^-^m ^i.^'-^^™"'; 

' n t^i— l,n ^^i,?!— 1 ' '-'i,n *~1' 

(6) e„_iC,„, = i(s - r)[m] C-"i!„'^n-i,n + (rs)2™d,„,e„_i; 

(7) £,'"„,e„_i = 32(1-™) H £:™7if,,„_p + s-2™e„_i£?;'„,, i < n - 1; 

(8) ei_i£™ , = [m] f]7„7^fi-i,„' + r^-f- ,e,_i, i < n. 
For £™-, with m € Z+, we have 

Lemma 3.10. For m G Z+, t/ie following equalities hold 

(1) e.-if,';]-, = r2"f ™.,e,_i + [m] f.;;;^^^.-^', i < J < n; 

(2) e,_i£:™ 1,,. = (rs)2"£:71,^^.,e,_i + s^C"'!) [m] SJ!:^^^, x 

(3) £^^^,€,^1 = s-2™e,_i£,':j, + (rs)-2(m-i)[^] £,,,_i,£:;;j7\ 2+1 < J < n; 

(4) = (rs)-2- (fijf-.+i, + H fi,,+i£:i,,+2'f;;5-l,) , i<j<n-l; 

(5) f™,£i,„-i = (r5)-2'"(f,,„_i£:™, +s3(r-s)H^^„^rn'0; 

(6) £i,j+2'ef+, = s-^^eJ'_^,£ij+2' + (rs)2(i-™)[m] ef-.^Eij+v, i<j< n-1. 

Next, we consider the commutation relations of £lj with /j (1 < i < n). 
Lemma 3.11. For m e Z+, i/ie following equalities hold: 

(1) 5?;5./i = /if?;5.-[m] i<i<n; 

(2) f™./, = /.f™. + (rs)-2(™-i) H £,,,.,S^'co^, i<j<n; 

(3) er/. = /.e™ + (r, - ,s,)-iH. eJ^-\sr--+^ to, - r-'^+^to',), l<i<n; 

^i%,fi ~ fi^i^n " "^"^ ^ (^■rn£i+l,n£™n ^ '^m£i+l,n,-l£i,n' £^n 

+ r'^am£t,n'£t+l,n-l£'l^n^^i, i < n - I; 

(^) ^i\—\,nfn—l = /n-l^n^l,n~^"* ^ l^m^n£n-l,n'^n-l~Olm£n-l,n' £n-l,n'-^'n,-l] 

(6) = /„£ ™ + (r + /3„ £i,„_ia;;f,7„-\ i < n. 

Lemma 3.12. For m G Z+, i/ie following equalities hold 

(1) ^Cn'/' = /'^Cn' - N ^W^rn" '^i, i < n - 1; 

(2) C-i,n'/n-i = /n-ifr-i,n' + (rs) s^^-^H C_-i!„,a;„_i; 

(3) ,/„ = /„£™ , + (rs)-2™+i (r+,s) /32™ i < n - 1; 

(4) f ™,f, - - [m] £,+i,,.f™7 V, i<i-l; 

(5) £™ i,,./,-i = + ,s2(™-i)[m]x 

X (s-^ejfjj+r - s^Ej.^+vej) £J!_-j>u;j-i, j < n - 1; 

Proposition 3.13. < j < n), < m < n) commute with Ji Jot 

l<i<n. 
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Proof. The proof is carried out in three steps. 

Step 1. We want to prove j [k < j < n) commutes with fi for 1 < i < n. 
li i < k OT i > j, this statement is immediate from (-B4); while ii i — k or i — j, 
it follows directly from Lemma 3.12. We may suppose that k < i < j , using 
oj'^Si+ij = r^Ei+i^jUj'^ and Lemmas 3.1 (3) & 3.12 (2), we obtain 

= {fi£kA + s^'^£k,i~i^^'i)£i+i,j - r"^ £ 1+1,3 {fi£k,i + s^"^ £k,i-i^'i) 

— fi£k,j • 

Step 2. We want to prove £l „, {k < n) commutes with fi for 1 < i < n. If 
i < k, this statement is immediate from (S4); while if i = fc or i = n, it follows 
directly from Lemma 13.121 if fc < i < n, it is a similar argument as Step 1. 

Step 3. We want to prove {k < m < n) commutes with fi for 1 < i < n. 

If i < k, this statement is immediate from (-B4); while if i = fc or i = m, it follows 
directly from Lemma 3.13. We may suppose that k < i < n. If fc < i < m, using 
uj'i£i+i,rn' ~ r'^£i+i.m'^'i and Lemma 3.1 (2), we obtain 

£k,m' fi — {£k,i£i-\-l,m' ^ £i+l,'m' £k,i) fi 

— {fi£k,i + S '^£k,i-l^'i)£i+l,m' ~ r'^£i+l,m'{fi£k,i + S^'^ £k,i-l^'i) 

— f i£k,m' • 

The last case is m < i < n. By Lemma 3.13 (6), we have [£k.i', fi] = s~'^£k.i+i'^'i- 
Noting that [£k,i+i'i^'i, ei-i]s-2 = 0, we have 

[£k,j': fi] = [[■ ■ ■ [£ka',ei-l]s~^: ■ ■ ■ : ]s-2, fi ] 

— [' ' ' 1 [ [ £k,i' J /j ] J ^i—l ]s-2 , " • • J 6j ]s-2 

= 0. 

This completes the proof. □ 

Theorem 3.14. The elements f | ^ (1 < fc < j < n), (1 < fc < j < 

n), {l<k<j< n), TIj, {l<k<j<n) and cui - 1, {uj'J ~ 1 {1 < k < n) 

are central in Ur,s{s02n+i)- 

Proof. It follows from Propositions 3.11 & 3.14 that £l j {I < k < j < 
n), £l^, {1 < k < n), £^ ■, (1 < fc < j < n — 1) are central in C/r,s(s02n+i)- 
Applying t to E^. ■ & £l ■, , we see that j {I < k < j < n), Tf. ■, {I < k < j < n) 
are central. Easy to see that — 1, {oj'^Y — 1 (1 < < are central, too. □ 

Remark: \i i = 21', then E^ . {1 < k < j < n), £( ., (l < k < j < n), e^, £^ „; 

(1 < fc < J < n), (1 < fc < J < n), fi, Tl^; and 4 - 1, {u^'^f - 1 (1 < 

k < n), — 1, {ijj'n)^ — 1 are central in C/r,s(s02,i+i). 

4. Restricted two-parameter quantum groups 

In what follows, we assume that £ is odd. 

Definition 4.1. The restricted two-parameter quantum group is the quotient 

Ur,s(S02ri+l) '■— Ur,s{S02n+l) / In, 
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where /„ is the ideal of C/r,s(s02n+i) generated by S^j < k < j < n), S^j, (1 < 
k<j< n), J^ij {l<k<j< n), J^ij, {l<k<j <n) and - 1, K)^ - 1 (1 < 
k < n). 

By Theorem 2.5 and Corollary 2.7, Ur,s{s02n+i) is an algebra of dimension 
£2n +2n .^j^j^ linear basis 

^1,1^1,2 ■ ■ ■ '^1 " " " '^n l<^i; Vi^nJ 1,1-^ 1,2 " " " n-l,n'-^ ' 

where all powers range between and l — 
4-2. The main theorem of this section is 

Theorem 4.2. The ideal In is a Hopf ideal, so that Ur,s{so2n+i) 'is a finite 
dimensional Hopf algebra. 

4-3. The proof of Theorem 4.2 will be done through a sequence of Lemmas. To 
determine A{£-j), A{£^ji), recall j' = 2n — j + 1 given in Section 2. We make 
conventions: 

J 

(4.1) Wij = JJwfc (« < j), Wjjv = Wi,„a;„ • • • (i < j), C = s'^-r'^; 

k=i 

(4.2) ^n+i,n+i = e„, £n,n+i = (s^-rs)e^; 

(4.3) £2n-k,2n-k=r~^s~'^ek+i, l<fc<n-l; 

(4.4) ^fe,2n-fe+l = S^£k,2n-kek - S~'^ek£k,2n-k, 1 < k < U] 

(4.5) £2n-i+l,2n-fc+l = ip2n-i+l,2n-feefe " S ^Bfef 2n-i+l,2n-fc , Tl > i > k] 

(4.6) £k+l,2n-k+l = 'r'^£k+l,2n-kek — S ^ek£k+l,2n-k +£k,2n-k, I < k < U] 

(4.7) £i,2n-k+i = £i,2n-kek - s~'^ek£i,2n-k, n>i>k + l. 
It is easy to verify that 

n—k—l 

£k,2n-k+l = ^ (-l)V~^^'+^^S~^C^/j,fe+j^/s,2n-/s-i 
i=0 

+ (_l)»-fc^-2(n-fe)(,2 _ ^^)^2^ g 

f2„-i+i,2„-fe+i = ^(-i)^r-2J'C-'-^ (5]^/) e C/+, 

j=o b 

where 6 = i- fc+l-j and £i = £iQ^i^£i^+i^i^£i^+i^i^ ■ ■ for k <iQ <ii< 

^2 — !<•••< ife — l<i — 1. 

A simple calculation shows that £k+i.2n-k+i G for 1 < fc < n, and 
^i,2n-;c+i G C^"*" for fc + 1 < i < n. So the elements in (4.1) — (4.7) are in U+. 

Lemma 4.3. (i) A{£k,j) = £k,j (S) 1 + Wfej <8) ffcj + C J2 £i+i,j'^k,i <S) /or 

i=k 

l<k<j<n; 

2n-j 

(ii) A(f/sj/) = £k,j' (g) 1 + Wfcj' £k,j' + C S ^i+i,2n-j+iw/c,i (g) ffe,i for 1 < 
fc < j < n. 
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Proof, (i): The statement is true when k = j, owing to the coproduct of e^. 
Assume that it is true for fc + 1. Then we obtain 

A{£k,j) = A(efc)A(ffc+i,,-) - r^A{£k+ij)A{ek) 

= (efc(g)l-|-Wfc®efc)^ffe+ij(8)l-|-a;fe+ij(8)ffe+ij+C ^ £i+ijiJk+i,i'Si£k+i,i^ 

i=fe+l 

i-1 

-r"^ (ffc+ij®l+'^fc+i,j®ffc+ij+C X] ^i+id^k+i,i^£k+i,i^ (efc(8)l+a;fe®efe) 

i=k+l 

= ek£k+i,i <S) 1 + Wfcffc+i J (E) e/j + efcWfc+i^j £k+i,i + t^^/cj <8) ekSk+\,j 

i=/s+l i=/c+l 

- r^ffe+ijCfe (g) 1 - r^ffc+ijWfc (g) Cfc - r^w/s+ijCfe ig £fe+i,j 

- r'^ijJk+ijOJk <8i Sk+ijCk - r^C j'^fe+i-i^ft (g ffc+i.j 

i=/c+l 

- '^^C X/ ^i+^j'^k+l,i'^k <H) ffc+i,iefe 

j=fc+l 

J-1 

= ffcj (g 1 + Wftj ig £k,j + C^fe+ijWfe (g eft + C XI ® ^'s.j 

i=fc+l 

J-1 

= fft J (g 1 + Wft J (g fft J + C XI ^i+lJ'^fc.i ® ^k,i 

i=k 

by using induction hypothesis. 

(ii): Use induction on j. For j = n, the argument proceeds by induction on k. 

We have 

ri-2 

A{£k,n') = £k,n' <S>1+ COk,n' <?> ^fc,n' + C X <H> £^fc,i 

7= A: 

,n— 1 ® £k,n-l + C6ri'^fc,n ® ^fc,n 
n 

= £k,n' 1 + ^k.n' 

i=k 

Assume that it is true for j + 1, we obtain 

2n~j-l 

A{£k,j') = {£k,3 + V 1+ Wfej+i' £k,3 + V + C 2^ £i+\,2n-j'^k,i £k,i^ 

i=k 

X (ej 1 + Cj) — s~^{ej 1 + ej)(£k,j+v <H) 1 

+ '^fe,j+l' ® £k,j+V + C X/ ^i+l,2n-j'^k,i ^^fe,i) 



i=k 
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^ Sk.j+i'Sj ® 1 + LOk.j+i'ej (X) £k,j+v + C ^ fi+i,2n-jWfc^iej (g) £fe^; 

z— 

+ £k^j+vi^j ® Cj + ujkj+i'i^j Skj+i'Sj 

i— 

- s^^CjSk.j+i' (8) 1 - s^^e^Wfej+i/ (g) ffej+i' 

2ji-j-l 



i—k 

- S~'^U}j£k,j + l' ® - S^'^OJjLUk.j + l' ® Cj-ffej + l' 

2n-j-l 

— S X '^j^^i+l,2ri-jt^fe,i ® ej£fe_i 

i—k 

: j/ (g) 1 + Wfej' ® i?fcj' + C'^2ri-j"+l,2ri-j"+lWfc^2n-j" ® £k,2n-j 

i-2 

+ C X] ^i+l,2n-j+l'^fe,i i^fe.i + C£j,2n-j+l^k,j-l ® £k,j-l 
i—k 

n 

+ C^j + l,2ri-j"+l'i^/£j' ® ^fcj' + C X] £i+l,27i-j+l^k,i ® 'S'fe.i 

i=J + l 

2n-i-l 

+ C X] £'i+l,2n-j + l'^*;,i ^ ffe,i 



i—n+1 



2n-j 



£kj' (g) 1 + CJfcjv (g) £fej-' + C X £i+l,2n-j+l^k,i (Xl £fe,i 



by induction hypothesis and notations in (4.1) — (4.7) and Lemma 3.2 (3). □ 

4-4- We generalize Lemma 4.3 (i) to an expression for A{£^ j) in Lemma H31 below . 
The formula involves certain exponents p„i of s that are defined recursively on 
ordered m-tuples of nonnegative integers, as follows (see |BW3| ): 



Pm(0,--- ,0) 

Pm(ci + 1, C2, • • • , Cm) 
Pm (C1,C2, ■ • ■ ,Cm_l,C„ + 1) 
Pm{ci,C2, ■ ■ ■ ,Cj + 1, - ■ ■ , Cm) 



0, 



Pm(ci, C2, • • • , C„i) - C2 - C3 C^, 

Pm(ci, C2, • ■ • , Cm) - Cl - C2 - • ■ • - Cm-1, 
Pm(ci, C2, • • • , Cm) - Cl - C2 - • • • - Cj^i 
+ Cj - Cj + i Cm, (1 < j < to). 

An inductive argument on ci + ■ • • + Cm shows that pm is well-defined. 

Set G^{r, s) = -^^Tji-q^rTr , for a = ci + ■ • • + Cm- The lemma below is true, 
which is equivalent to checking inductively: [ci + • • • + Cm ] = X^jli r^^^ s^^^ [cj ]• 

Lemma 4.4. Let ci, • • • , Cm &e positive integers with a = ci + • • • + Cm- Then 



2Di 



C?^{r.s) = J2r''''-^ 
i=i 

where Cj = Cj+i + Cj+2 



Cl H h Cm - 1 




Cl + ■ • • + Cj - 1 




Cl + C2 


Cm 




- 1 




C2 


h Cm, = Cl H 


+ Cj_i, and Cm = 


= = 
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In the above sum, the binomial coefhcients have 1 subtracted from their top 
number to the one with ci + ■ ■ ■ + cj on top and not thereafter, as in the jth 
summand we have replaced Cj by Cj — I. 

Lemma 4.5. For I < k < j < n and m = j - k + 2. Then 



.2p„(ci, 



1 C9 C3 Cm 



'-'k,k'-'k,k+l ■ ' ' "--fej- ' 



the sum taken over all m-tuples (ci, • • • , Cm) with Ci + • • ■ + c,„ = a. 



Proof. Observe first that if a = 1, the above expression coincides with that in 
Lemma 4.3 (i). To simplify notation, we will assume without loss of generality that 
k = 1 (and hence m — j + 1). Now suppose that the above formula holds for a — 1, 

that is A(fi = E s2P. + i(-i.- ,c, + l)^a~l-ci-c, + i(^a-l(^^ ^)^ci^ . . . ^cj^^c,^ ^cj + , 

(^£'[\ ■ ■ ■ ^I'j^ , where the sum is over all (j+l)-tuples (ci, ■ • ■ , Cj+i) with ci + • ■ • + 
Cj+i = a - 1. Then ^{£i^j) = A(£:°J^)A(£:ij), which by Lemma 4.3 (i) is equal to 
the above sum times 



£i.j ® 1 + uji^j ® £ij + C E £i+i,jOJi,i ® £i. 



Expanding and re-summing over all (di, 
Lemma 3.3 (4) & (5), we obtain 



, dj+i) with di + 



a, by 



the coefficient of ^j^^-^j j ' ' ' ' ' 



g'^Pj+lidl; 
J + 1 

HE 



1=1 



dl 



■ + dj+i - 1 



1 J '--1,1'--1,2 ' ' ' 



di + ■ ■ ■ + di 

d,-l 



di + d2 
d2 



where C- = rf^+i + H h dj+i, £>■ = rfi 

Lemma IT4l we get the desired result. 



d^-l and = = Li'i. By 



□ 



As a result, we have the following formula for Cj = £j,j for 1 < j < n: 



(4.8) 



z^O 



2 a- 



/^.5. We generalize Lemma 4.5 to a formula for A(£^ in Lemma 4.6 below. The 
formula involves certain exponents Pm(jn = n — k + 3) of s that are defined recur- 
sively on ordered m-tuples of nonnegative integers, as follows (which are different 
from those in Lemma |4. 51): 



Pm(0,--- ,0) 

Pm(ci + 1, C2, • ■ ■ , C,n) 
Pm (C1,C2,--- ,Cm-l,Cm + l) 



0, 

Pm{ci,C2, 
Pm.{ci,C2, 



: Cm) 
; Cm) 



C2 
Cl 



C3 
C2 



Cm ; 
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Pm(ci, C2, • • • , + 1, • • • , C,n) := Pm(ci, C2, ■ • • , C,„) - Ci - C2 Cj-i 

+ Cj - Cj+i c„i, (1 < j < m - 2), 

Prn{ci,C2, • ' • , Cm_2 + 1, C,„-l, C^) := Pm(ci, C2, • • • , Cm) - Ci Cm_3 

Pm(ci,C2, • • • , Cm_2, C,„_i + 1, C,„) := Pm(ci, C2, • • • , Cm) - Ci C„i_3 - 

An inductive argument on ci + ■ ■ • + c,„ shows that is weU-defined. 
Lemma 4.6. For 1 < k < n and m = n ~ k + 3, we have 

c„_i=0,l 

2<Cm-i<a 



+ r 2 



a 



i=2 



X ^^fe"„T^]^^ with ci + ■ ■ ■ + Cm — a. 

Proof. Observe first that if a = 1, the above expression only has the first 
term which coincides with that in Lemma 4.3 (ii). To simplify notation, we will 
assume without loss of generality that k = 1 (and hence m — n + 2). Now suppose 
that the above formula holds for a — 1, that is, 



<:i + ---+<:n + 2 = <'-l 



2<<:„+l<£i-l. 

a-1 



r 2 

i=2 



where the sum is over all (n + 2)-tuples (ci, • ■ • , c„+2) with ci + ■ • ■ + c„+2 = a — 1. 
Then A(£:f „,) = A{£^-})A{£i,n'), which by Lemma 4.3 (ii) is equal to the above 
sum times 

n 

Expanding and re-summing over all (c?i , ■ ■ • , dn+2) with c?i + • ■ ■ + dn+2 = ^7 we get 
the desired result. □ 



4-6. Proof of Theorem 4--2. We are now in the position to prove that /„ is a Hopf 



ideal. As [£] =0, it follows from Lemma that the only nonzero terms of A(£^ ) 



are those having Ci = £ for some i. As a result, 
(4.9) AiSU = 1 + 4, ® £i, + -s'^'-'k' E C-L « 

i—k 
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which is clearly in /„ (g) [/ + U ^ In- Applying the antipode property to (4.9), we 
obtain 

i—k 

So we have 

(4.10) S{£i^) = + s'^'''k'J2£Ui,A.si4,))- 

i=k 

If j — k, we have S{£l ^) — 5(e^.) = (— cj^T^efe)^, which is a scalar multiple of 

w^^e^ e /„. Using (4.10) and induction on j — k, we see that S{£l j) G /„ for all 
k < j as well. From Lemma 14.61 we have 

(4.11) J 

n-2 
i—k 

which is clearly in /„ ® ?7 + ?7 ® /«■ Applying the antipode property to (4.11), we 
have S{£l. „,) € /„. For j < n, using a similar method of Lemma l4.6i we have 

1 + cl,, ® £t, + s''('-'^C'£l,c.i^_, ® £t^^, 

i=2 

i—k 

n-1 

2n-j 
z— n-f-l 

U 1^ In- Applying the antipode property to this, we have 

Using T, we find that A{J^k,j), ^{J'kj') ^ In ® U + U ® In- So /„ is a Hopf 
ideal, and Ur,s(s02n+i) is a finite-dimensional Hopf algebra. □ 



(4.12) 



which IS. in In ® U + 
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5. Isomorphisms of Ur.s(s02n+i), as well as Ur,s{sin) 

5.1. Write Ur^s = Ur,s(s02n+i). Let G denote the group generated by uoi, uli[ (1 < 
i <n) m \x — Ur^s- Define linear subspace afc of u by 

n 

ao = KG, ai = ]KG + y(Ke,G + K/,G), 
(5.1) U 

afc = {ai)^ for A; > 1. 

Note that 1 e ao, A(ao) Q a^® Oq, ai generates u as an algebra, and A(ai) C 
ai ® ao + ao ® ai. By [M], {afc} is a coalgebra filtration of u and Uq C ao, where the 
coradical Uq of u is the sum of all the simple subcoalgebras of u. Clearly, ao C uo 
as well, and so Uq = KG. This implies that u is pointed^ that is, every simple 
subcoalgebra of u is one-dimensional. 

Let b (resp., W) be the Hopf subalgebraof u = Ur,s(s02ii+i) generated by ei,uif^ 
(resp., /i, (cj^)^^), 1 < i < n. The same argument shows that b and b' are pointed 
as well. Then we have 

Proposition 5.1. Ur,s(s02n+i) is a pointed Hopf algebra, as are b and b' . □ 

5.2. It follows from [M, Lemma 5.5.1] that afc C Ufc for all k, where {ufc} is the 
coradical filtration of u defined inductively by Ufc = A~^(u (g) Uk-i + Uq u). In 
particular, ai C ui. By [M, Theorem 5.4.1], as u is pointed, Ui is spanned by the 
set of group-like elements G, together with all the skew-primitive elements of u. 

Let m be the smallest positive integer such that r™ = s™. Note that [to] = 
while [1], [2], ■ • ■ , [m — 1] are all nonzero. It follows from this observation and (4.8) 
that e™,/™ {1 < k < n) are skew-primitive if m < £. From now on, we assume 
that m = £. Based on Lemmas 4.3, 4.5, 4.6 & formula (4.12), together with with 
the same argument of [BW3, Lemma 3.3], we have 

Lemma 5.2. Assume that rs^^ is a primitive Ith root of unity. Then 

n 

ui = KG ^(KeiG + K/^G). 

i=l 

5.3. Given two group-like elements g and kin a Hopf algebra H, let Pg^h{H) denote 
the set of skew-primitive elements of H given by 

Pg,h{H) ^ {x e H \ A{x) ^x®g + hC^x}. 

Lemma 5.3. Assume that rs^^ is a primitive ith root of unity. Then 

(i) Pi,...(u,,,) =K(l-c^,)+lKe,; P,^^,-i (u,,,) = K(l - c^^') + ^^7,0;^'; 
Pi.aiur^s) = K(l - a), for a ^ {to^, ^uj'-^ \ l<i<n}. 

(ii) P^j,iK,,) = K(l-c^^)+K/,; P^-i ,(u,,,) -K(l-cjri)+Ke,<i; 
PaAnr^s) = K(l - (t), for a ^ {ioi^.J, \ l<i<n}. 

Proof. Similar to that of Lemma 4.3 in [HW| . □ 

5.^. Lemma 5.3 is crucial for determining the Hopf isomorphisms of Ur^s- 

Theorem 5.4. Assume that rs^^ and r's'^^ are primitive ith roots of unity 
with ^ 7^ 3,4, and C, is a 2nd root of unity. Then if : Ur,s = Ur',s' as Hopf algebras 
if and only if either 
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(1) {r',s') = C,(r,s), If is a diagonal isomorphism: ip(oJi) = Cji, '-fi^'i) = uj'i, 
ip(ei) = Uiii, (p{fi) = (^''"-ar^fi; or 

(2) (r',s') = C(s,r), ifiui) = ip{uj'^) = cDr^, (^(e^) = aifiiu'r^, <p(/i) = 

(^^•"a~^u!~^ei, where Oi £ K* . 

Proof. Suppose : u^^s — > ^r',s' is a Hopf algebra isomorphism. Write e,, 
fi, u!i, (D- to distinguish the generators of Ur',s'- Because 

A{ip{ei)) = (g) Lp){A{ei)) = f{e,) (g) 1 + ip{uJi) <f{ei), 

^p{ei) G -pL,,^(aJi)(Ur',s')- is an isomorphism, (p{uJi) G KG. Lemma 5.3 (i) 

imphes ip{u}i) G {cjj,a)j~^ | 1 < j < '^}- More precisely, we have either ip{u)i) = uij, 
ip{e-i} — a{l - Cjj) + bij, or ip{u!i) = uij"^, ^{cj) = a(l — + bfjU)j~^ for some j 
with 1 < j < n and a, 6 G K. But in both cases, we have a = 0. The reasoning is 
the following: Applying ip to relation Uid = riS~^eiU)i, we get 

u)j [a(l — ujj) + bej ] ~ [a(l — ujj) + bcj jfDj, or 
uj'-'[ail - Q'r') + bf.Q'r' ] = r,s-'[a{l ^ Co'f') + bf.Co'f 

Since n ^ Sj, a = 0. Thus, 6 G K*. 

(I) We claim (fi{u)n) G {(!)„, a)^~^}. Indeed, let us consider the restriction <p|, of 

ip to the Hopf subalgebra generated by ei, fi,Lo^^ for i — n ^ l,n, which is 
isomorphic to Ur,s(505). According to the above discussion, we have 4 possibilities 
to occur, namely, case (i): For i = n—l,n, we have ip{u)i) = uj. and <p(ei) = ajCj. 
{ji G {n—l,n}, Oi G K*); case (ii): For i = n—l,n, we have (p^LVi) = u)'~^ 
and ^p{ei) = aifj.ui'j^^ (ji G {n— G K*); case (iii): (p(a;„_i) = a;„, but 
ip{wn) = (^',"1^1; case (iv): tp{u)n-i) = but (p{uJn) = w„-i. 

Case (i): In this case, we claim (p{LJi) = oji for i = n—l,n. Otherwise, if 
(p{uJi) = (jjj for i 7^ j G {n— then applying (p to relation = riS~^eiLOi 
yields ojjej = riS^^CjCoj, it follows that r'^s'^^ = rts^^ for j ^ i £ {n— l,n}. This 
means {rs~^)^ = 1, which contradicts the assumption. So we get ip{oJi) = for 
i = n—l,n. Similarly, we have <p('^i) = '^i for i = n—l,n, as (p preserves (-B4). 
Thereby, we get p{ei) = Oiii, p>{fi) = C*''"a^"^/i for i = n—l,n, where Oi G K*. 

Furthermore, applying ip to relations WjCj = {uj'j,ijJi)ejU!i for i,j G {n— l,n}, 
we get = {(b'j,u)i) for G {n— l,n}, i.e., r'^s'~^ = r'^s~'^, r's'~^ = rs~^, 

r'~^ = and s'^ = s^. Hence, (r', s') = CC?", s). p\, is a diagonal isomorphism. 

Case (ii): In this case, we claim (p{cji) = ^[^^ for i = n~l,n. Otherwise, if 
(p{uji) = for i ^ j e {n— then ip{ei) = atfjuj'j^^ for i ^ j e {n~l,n}. 

Using ip to relations uJiCi — {ujl,uJi}eiLiJi for i G {n—l,n}, we get lo'^^^ fjUj'~^ = 
{u)[,LOi)fjU)'j~^ujj~^ so that {ujj,Qj)~^ = {uj[,uji) for i ^ j ^ {n— l,n}. This means 
{rs~^Y = 1- This contradicts the assumption. So we have (p{uJi) = Cj'~^ for 
i = n—l,n. Similarly, — lu^^ for i = n— l,n, as </? preserves (-B4). Hence, 

(/^(wj) = i^'i^^, <p(t^i) = (p{ei) — aifiU)'~^ for z = n— l,n, where G K*. 

Using ip to relations LOiej = {ujp LUi)ejUJi for i, j G 1. ^^}, wo get (a)^, tl'j)^"'^ = 
{u!j,uji} for j,j G {n— i.e., r'^^s'^ — r'^s~'^, (r's'~-^)~-^ = rs^'^, r'^ = and 

s'~^ = r~^. Hence, we have (r',s') = C('S)'^)) vC/i) = C''*'"«i~^'^i~^^« * = n—l,n. 
Besides, we can check that (p preserves all of the (r, s)-Serre relations (-B5). 
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Case (iii): We claim that this case is impossible. First, we assmne that 
ip{ujn-i) = Con-i and ip{ujn) = i^'n^- Then we have (p(e„_i) = aie„-i, ip{en) = 
a2/nW^~^, where ai,a2 € K*. Using to relation w„_ie„ = s^e„(jj„_i, we get 
= s'^^; to relation a;„e„_i = ^"^en^iWn to get = s'^. So we get = s^. 
This is a contradiction. 

Next, we assume that (^(a;„_i) = a)„, and ((5(a;„) = Then we have 

(p(e„_i) = aie„, (p(e„) = a2/n-i'I;^l\, where 01,02 £ K*. Using to relation 
ujn-ien = s^e„w„_i, we get — r'^\ to relation ujnen-i = r^^e„_iw„ to get 
r^^ = r'^^. So we have = s^, which is contrary to the assumption. 

Case (iv): Similarly to case (iii), it is also impossible. 

(II) It suffices to consider the restriction (^j of to an Uri,si (sl3)-copy in 
Ur,s (s02ri+i) generated by ej, fj,ijj'^^ ,ui'^^ for j e where 1 < i < n—l. 

Note that ip{ujj) G {uii, uji+i, ui'^^^ , ui'^l} for j = 

Similarly to the proof of case (iii) or (iv) in (I), there don't exist the possibilities: 
{ip{oJi),ip{uji+i)) = {u;j.,uj'~^^), and {if(uJi),(p{uj^+i)) = {uj'~^ ,Cjj,^J for j, ^ € 
Thereby, we only need to consider the following possibilities: case (1): 
{(p{uji),Lp{uji+i)) = (oji,uii+i); case (2): {(p{uji) , (p{uji+i)) = (w^~\ w^:,:}); case (3): 
{ip{uj^),ip{uj,+i)) = (a;,+i,(I),); case (4): {(p{uj,) , (p{uj^+i)) = (w^:;}, w^"^). 

It is easy to treat the first two cases: 

Case (1): As {(p{uji), ip{uji^i)) — ((D^, 0)^+1), by the argument of the paragraph 
above (I), we have {(p{ei) , ip{ei+i)) = (ajg,;, Oi+iei+i) and (vifi), ^{fi+i)) = {ai^fi, 
«i+i/i+i)i where ai,ai-|_i G IK*. By a similar argument of case (i) in (I), we have 
(r'2,s'2) = (r2,s2). 

Case (2): As {ip{iLji), (^(cjj+i)) = {u}'-^^ ,uj'^l), by the argument of the paragraph 
above (I), we have {ip{ei) , ipie^+i)) = (ai/iiI>-"\ Oi+i/i+icj-^J) and {(p{fi), ip{fi+i)) 
= (a~^a)~^ei, a~,_\d)~j_\ei+i), where ai,aj+i G K*. By a similar argument of case 
(ii) in (I), we have (r'^,s'^) = (s^,r^). 

As for the latter two cases, we have 

Case (3): As {(p{uj,),ip{uji+i)) = {Lj,+i,Ui), using if to UjCk = {ijj'f.,ujj)ek(jJj 
for i,k G we get {u'^Uk) — {uj'i,,ujj). More precisely, we have r'^s'^^ = 

^2g-2^ j,/-2 _ g/2 _ ^-2^ jg^^ (^^/2^^^/2-j _ j-_^-2 ^ ^-2 -j ^ HcnCC, ((^(Cj ) , (/?(ei+i )) — 

(aj+iej+i,aiei) for 0^,0;+! G K* , {(p{fi),(p{fi+i)) = (rs)"2(a,^\/i+i, a,"^/i), since 
(p preserves (S4). 

Case (4): As {ip{uj^) , ip{uji+i)) = (a)-~J, a)-"^), using to LVjCk = (u;^,Wj)efcWj 
for j,k G we get (a)^,a)j)^-^ = {uj'i^,ujj). More precisely, we have r'~^s''^ = 

j.2g-2^ _ j,-2^ g/-2 _ jg^^ (^^/2^g/2-j _ (■^,-2 ^ g-2-j ^ HcnCC, ((^(c^ ) , <y9(ei+i )) = 

(ai+i/i+i'i.i+l,aji'i.r^) for a,,ai+i G K*, {ip{f,),ip{f,+i)) = {rs)-^{a;'_^^Cb^_^^^ei+i, 
a~^Cj~^ei), since (/3 preserves (BA). Moreover, we can verify that ip preserves all of 
the (r, s)-Serre relations (-B5). 

In view of the above discussions in cases (1) — (4), we derive the complete 
description below on all the Hopf algebra isomorphisms of Ur.s(s[,i) (some of cases 
were missed in [BW3j). 

Theorem 5.5. Assume that rs^^ and r' s'^^ are primitive £th roots of unity. 
Then ip : Ur,s(s[„) = Ur',s'(s[„) as Hopf algebras if and only if either 
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(1) {r',s') — {r,s), (fi is a diagonal isomorphism: if{uji) = uJi, ^{(^'i) = oj'i, 
(p{ei) — aiii, (p{fi) — a^^fi\ or 

(2) (r^,50 = is,r), ^{lo,) = u'r\ ^(c.,;) = (^(e,) = aJ^'-\ ^(/,) = 

^UJ^ ^Bi] or 

(3) (r',s') = (s"\r~iX 93(0;,) = (Ii„_,, (^(wQ = w^^.,, (p{ei) = a„_,e„_j, 
<y5(/0 = {rs)-^a~^Jn~t; or 

(4) (r',s') = (r-\s-i), ^(w^) = w^^l^, (^(wQ = ^n-i, "Pi^i) = an-tfn-zUj'~^„ 

Now continue to the proof of Theorem 5.4. According to the discussions in (I), 
there are 2 possibihties: (i) iplujn-i) = iiJn-i', (ii) fi^^n-i) = '^n^i- Combining 
with the discussions in (II), we obtain two kinds of the Hopf algebra isomorphisms 
of Urjs(s02n-i-i) as required, which are only compatible with the cases (1) and (2) in 
(II), respectively. □ 

6. Ur.s(s02n+i) IS a Drlnfel'd double 

6.1. Let be a primitive ith root of unity in K, and write r = 9^, s — 9^ . 

Lemma 6.1. Assume that (2"^-'^(j/" + (— l)"z"),£) ~ 1 and rs^^ is a primitive 
£th root of unity with £ =^ 3. Then = b* as Hopf algebras. 

Proof. Define 7^ G fa* such that 7j's are algebra homomorphisms with 

7j(ei)=0, Vi, and jj{uji) = {ujj,uj^). 

So they are group-like elements in fa*. Define rjj — ^ {ejg)*, where G(fa) is the 

geG{b) 

group generated by uji {I < i < n) and the asterisk denotes the dual basis element 
relative to the PBW-basis of fa. The isomorphism (p : (fa')^°°P fa* is defined by 

First, we will check that is a Hopf algebra homomorphism and then we will show 
that it is a bijection. 

Clearly, the 7j's are invertible elements in fa* that commute with one another 
and 7^ = 1. Note that r]j = 0, as it is on any basis element of fa. We calculate 
liVilJ^- It is nonzero only on basis elements of the form eito^^ ■ ■ ■ lo^" , and on such 
an element it takes the value 

ilj <»V^®li^)iiei (X)l®l + Wi®ei(g) l + Lu,(»uJii»ei){Lu'l^ ■ --uj^")^^) 
= ■ ■ • w^)7y,(e,w^ • ■ •u;^)77l(u;^fcl . . . w^-) 

= 7j(^»)- 

So, we have "fjr]i^^^ — {ujj,uji) r]i, which corresponds to relation (B3) for fa'. 

Next, with the same argument in the proof of Lemma 5.1 in [HW] (see, p. 
263-264), we easily check relations in (55): 

222 /2|2\ I 2 n 

ViVt+i - {r^^+s^'^H+iViVi+i + {rsy'^Vt+ini = 0, i < n-1. 
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Hence, cj) is an algebra homomorphism. 

We have already seen that 7^ is a group- like element in b*. Now using the same 
argument in the proof of Lemma 5.1 in [HWj (see, p. 264-265), we have 

= ?7i ® 1 + 7» «"7», 

which means that </) is a Hopf algebra homomorphism. 

Finally, we prove (j) is bijective. As dim b* = dim b''^°°^', it suffices to show 
<j) is injective. By [M], we need only to show 0|([,')<:°°p is injective. Lemma 15.21 
yields (b'f°°P = KG(b') + X;r=i ^liG{h'), where G'(b') is the group generated by 
^'i (1 < i < ?^)- First, we claim that 

(6.1) spanK{7i'^---7'"| 0<fc. <^}=spanK{(c^^•••a;^)*| Q < h < t]. 

This is equivalent to saying that the 7^^ • • • 7,*^" 's span the space of characters over 
K of the finite group Z/fZ x • • • x Z/i'Z generated by cji, • • • , [x)„. Since we assumed 
that K contains a primitive £th root of unity, the irreducible characters of this group 
are the functions Xn,- - ,i„ given by 

where is a primitive .^th root of unity in K. Note that 

71 = X2(y~z),-2yfl.,--- ,0i 

72 = X2z,2(y-2),-2i/,0,--- ,0) 



7n-l = XO,--- ,0,2z,2(i/-z),-2yi 
In — XO,--- ,0,2z,y-2- 

We must show that, given Ji, • • • , there are fci, • • • , A;„ such that 

X^l,■■■,^^ = 7l ■ ■ ■7„ , 

which is equivalent to the existence of a solution to the matrix equation 

AK^I 

in Z/^Z (as these are powers of 9), where 

(2{y -z) 2z 
-2y 2{y-z) 2z 

2(2/ -^) 



A 







V 



"22/ 










2z 



\ 







2z 
2(2/ - z) 
-22/ 





2z 
V~ z) 



K is the transpose of (fci,--- , fcn) and / is the transpose of (ii,--- ,i„). The 
determinant of the coefficient matrix A is 2"~^(y" + (— l)"z"), which is invertible 
in 1/ PI by the hypothesis in the Lemma. So, (6.1) holds. In particular, this implies 
that the matrix 

(6.2) ((7^•••7^)K•••t^^")),,J 

is invertible, and that (j) is bijection on group-like elements. 
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Next, we will show for each i {1 < i < n) that the following matrix is invertible; 
(6.3) ((7y,7^...7^)(e.<•••c.^^)),,J. 

This will complete the proof that cf) is injective on (b')™°^, as desired. We will show 
that the matrix is block upper-triangular. Each matrix entry is 

('7.®7^•■•7^)(A(e.)A«•••a;^")) 

Thus, (6.3) is precisely the invertible matrix (6.2). □ 
6.2. With the same argument of Theorem 4.8 in [BW3j , we have 

Theorem 6.2. Assume {T'-'^{y" + {-iy'z"),i) = 1, then D{b) = Ur,s{s02n+i) 
as Hopf algebras. □ 

7. Integrals 

7.1. Recall some definitions. Let i7 be a finite-dimensional Hopf algebra. An 
element y G H is a left (resp., right) integral if ay — s{a)y (resp., ya = e{a)y) for 
all a G H. The left (resp., right) integrals form a one-dimensional ideal (resp., 
J^) of H, and SniJ^) = J^j under the antipode 5*^ of H. 

When y ^ is a left integral of H, there exists a unique group-like element 7 
in the dual algebra H* (the so-called distinguished group-like element of H*) such 
that ya = j{a)y. If we had begun instead with a right integral y' G H, then we 
would have ay' = ^~^{a)y' . This follows from the fact that group-like elements are 
invertible, and the following calculation, which can be found in [M, p. 22]: When 
y' G Sniy') is a nonzero multiple of y, so that SHiy')SHia) = j{SH{a))SH{y') 
for all a & H. Applying S]j^, we find ay' = 7(S'//(a))y'. As 7 is group-like, we have 
j{SHia))^SH'i-/)ia)^-/-\a). 

Now if A 7^ is right integral of H* , then there exists a unique group- like 
element g of H (the distinguished group-like element of H) such that = ^(.9)-^ 
for all ^ G H*. The algebra H is unimodular (i.e., = J^) if and only if 7 = e; 
and the dual algebra H* is unimodular if and only if .g = 1. 

The left and right iJ*-module actions on H are given by 
(7-1) ^ ^ a = ^a(i)^(a(2)), a ^ ^ = ^ ^(a(i))a(2) , 

for all ^ G H* and a <E H. In particular, e ^ a = a = a ^ e for all a G i/. 

7.2. The first aim of this section is to construct the left and right integrals in the 
Borel subalgebra b of Ur,s(s02n+i). To this end, we introduce the elements: 

n n 

t^l[{l+u;, + ---+u;t'), =^ = nfe' 

1=1 1=1 

^here = • • • ^^f^^C^ • • • S^jlr (1 < * < n), £.^, = S^n'- 

Theorem 7.1. The element y — tx is a left integral in b. 
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Proof. We need to show that by = e{b)y for all 6 Gb. It suffices to show this 
for the generators tuk and ek, as the counit e is an algebra homomorphism. 

Observe that ujkt — t = e{ujk)t for all A; = 1, • • ■ , n, as the w^'s commute and 
ajk{l + ojk + ■ ■ ■ + = I + LDk + ■ ■ ■ + ^k~^- From that, relation ujky = e{LOk)y 

is clear, for all k. 

Next we compute Cky- By a direct calculation, we get 

n-l 

ekt = n (1 + r-'(^""'')s-2(^'+i'"^)a;i + • • • + ^-2(^-l)(e.,a.)g-2(£-l)(e,+i,a,)^£-l^. 
i=l 

+ (1 - 4„)(1 + r-2(^"'«'=)a;„ + • • • + r-'i^-^^(^n,a,)^i-i^j 

So it suffices to show that ekX = = e{ek)x. 
Now 

X = £q£^ ■ ■ ■ ^kZ^k^^kk ■ ' ' ^fc,fc+i') ■ ■ ■ ^iC^v 
e\x = 0. 

We want to show CkX = 0, that is, Ck {2 < k < n) can be moved across the terms 
^fi+i (1 < * < ^) ii6xt to £l~k- By Lemma 3.1 (1), ek commutes with £f~^ ■ ■ ■ £^^-2 
when i < k—2 < n—2. By Lemmas 3.9 (2) & 3.3 (5), we obtain 

ek£tk-i = r'£tk-iek + s^£tk-i^i,k, {k < n). 

The second term reaches £^~^^ and we get £fi. = 0. Hence, it suffices to treat the 
ffist term r'^£fk-i^k {k < n). 

(i) For k < n: by Lemmas 3.2 (3), 3.3 (1) & (6), Ck quasi-comniutcs with 
^i~k^^i~k+i ' ' '^i~k+2' (^P ^ factor s^). By Lemmas 3.10 (3) & 3.6 (5), we obtain 

^k£lk+l' ~ ^ '^^Ik+l'^k + r '^£i,k+V^i'k' , (fc < n— 1). 

The second term meets £^^} and yields £l^, = 0. By Lemma 3.2 (5), we have 
e-k£i^} = r~'^£f^}ek {i < k < n). This implies that quasi-commutes with £f-p^ 
for all i < k. Since ^k£kk+l ~ ^kX = for fc < n. 

(ii) For k = n: by Lemmas 3.9 (4) & 3.5 (3), we have e„ff~^ = {rs)£f~^en + 
s'^£-~'^£i^„'. The second term meets £-~} and yields £■ ^, — 0, so it remains to 
observe that e„ quasi-commutes with £lvj'£lv^\ii • ■ '^^7+1' (^^ Lemmas 3.2 (4) & 
3.4 (4)), that is, e„ quasi-commutes with those £f^i for i < n and finally meets 
£ — p, and yields 0. 

n,n+l ^ 

This completes the proof. □ 



Theorem 7.2. The element y' = xt is a right integral in b. 
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Proof. Arguing as in Theorem 7.1, we see that tcoj = t = e{LOj)t, and hence 
that y'wj = e{u)j)y' for all j. As 



n-l 



i=l 



+ (1 - S,n) e,(l + r2(^-"^)a;„ + • • • + r2(£-i)(e„,a,)^^-i) 
ii 

Now 



so it suffices to show that xcj = 0. 



r-f f Tp^-I ...P^-l ...P^-l v../- 

a;e„ = 0. 

We need to prove xcj = for 1 < j < n. By Lemmas 3.9 (3), (4), (6) & 3.4 (3), it 

is easy to see that 8'—r~£ — nen-i = 0. It suffices to show £'r—~^8.rr~^^&i = 
since e," commutes with r^;~~ , • • • £^ — -> (by Lemma 3.1 (1)) for j < n — 1. 

(I) Claim: f j^q:jej = for j < n—1. 
Write 

nf : = ^^^Jil•••4^^ (i<fc<n), 

^f^ = ^;")£:|-^..4^^ (n'<fc'<i+i'). 

Thus, nj-'^^ ^ = and H^'''''^ ^ e^- = 0, as ejSj^k = s'^£j,kej for j < k < n, 

BjSj^k' = ^'^^j,k'^j for i+1 < k < n, and = 0. 

For i < n-l, by Lemma 3.10 (4) & (5) and Sj -^^' = ■■■ = S^^, = = 0, 

we get 

nj^+^'^ej = n5^+'') (sjjU,ej) (by Lemma 3.10 (4)) 

= *2<+''^ (£:j-i2.£:i,,+i)f,,,+2'47^i, (by Lemma 3.10 (4)) 

= ■■■ (by Lemma 3.10 (4)) 

= * nf) {£'j£j,n-i)£j,n'£tn-i' ■ ■ ■ ^jjU'Sjjli' (by Lemma 3.10 (5)) 

= 0, (since Il^"^£j,n = 0). 



(II) Write Af> := 0^+' ^n)^\ for j+1 < k < n. Then Af^ = 0^+^ ^n^.;\. 
make a convention: A^-^' := H^''^^ \ 

(i) Assume A^'^'ej = for j < fc < n, we want to prove IsS^'^^^'cj = 0. 
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(1) For k + 1 < n: indeed, by Lemmas 3.9 (1) & 3.3 (4), we have 

= Af ) (r^ej£j+i,k+i + s^f,-,fc+i)f j^'fe+i (by Lemma 3.3 (3)) 

Lemmas 3.7 (8), 3.5 (3), 3.3 (9) show that £j.k+i quasi-commutes with any element 
of { Sj^i' \ j + I < I < n, I ^ k + 2}. Hence, by a similar argument in (I) (using 
Lemma 3.10 (4) & (5)), we can get 

= + *3 n^.*^+* ^ (^j,fei3'^J,fe+2)^j,fe+3'^j,fe+2'^i,feil' • • • 

= 0, 

here in the 1st summand we used the fact that £j,k+i quasi-commutes with 
n'^ ' ' ' fc+3" ^^^^ ^3,1 (by Lemma 3.3 (5)) for any k+2 < I < n, and 
^j,k+i ~ 0' while the 2nd summand used repeatedly the proof-procedure of (I). 

(2) For k + 1 = n: at first we note that 

A^" ^^£j,n = 0, A^" = 0, 

since Lemmas 3.3 (3) & 3.5 (3) say: fj,„ commutes with £j+i,i for j+1 < I < n—1, 
and quasi-commutes with f^y/ for j+1 < I < n. Thus, by Lemma 3.4 (1), we have 

(7.2) £j^i^n£j,n = fS ^£j^n'£j+l,n-l '^od{£j^n£j+l,n + £j+l,n-l£j,n')- 

Furthermore, we note that 

(7.3) Af-^'>£j,k' =0, Af -')fj+i,fc_2 = 0, (i+2<fc<n). 
Hence, by Lemma 3.4 (2), for j+2 < k < n, we get 

(7.4) £j+i^k-l£j,k' = {rs)^£j,k-l'£j+l,k-2 T^0d{£j^k'£j+l,k-l—£j+l,k-2£j,k-l')- 

Using (7.2), (7.3) & (7.4), by Lemmas 3.9 (5), 3.3 (5) & 3.10 (6), we get 

A(")p. - a(""1) f^^-l P - A^""^Hr2p -^^^-l +(rs)-^£'^-'^ £■ 

+ (rs3)-^£: j-f „ {r'^£j^n'£j+i,n-i-£j+\,n-\£j,n') (by Lemma 3.3 (5)) 
= (rs)-iA5"-^) \£^-lJ^,n+s%,n'£j+i,n-i£^+ln] (by Lemma 3.5 (1)) 
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~ j y-'j+l,n~l'^j-n' J'^j+lM-iy ■ ■ ) 

= • • • (using (7.3) & (7.4) repeatedly) 

= *Af [£^-lj^,£jj+2')ll'f+-r'^£i+i,n-i {■■■) (by Lemma 3.10 (6)) 

= *ny+^') [s-%,j^„ej+, + r-%,j+„)e^-l u'f^-'^ £j^,,^_, (• • • ) 

= 0, (since ej+in^"^^^ = 0). 

(ii) Write A^'"'^ := n'f^'^'^uf_l\ for n' < k' < j+2', and make a convention: 
^("+1') ._ n^.^+i'). Assume Af'^^'^ej = for n+1' < k+1' < j+2', we want to 
prove A^.'^ \j =0. 



By Lemmas 3.10 (1) & 3.5 (6) or 3.6 (7), we obtain 



By Lemmas 3.6 (6) & 3.5 (5), £j,k' quasi-commutcs with £j^l n£j+i n' ' ' ' ^j+i fc+i' 
(up to a factor of some power of (r.s)^). Again, Lemma 3.7 (7) indicates that £j,k' 
quasi-commutes with £j^ik ■ ■ ■ £j^i n-i (up to a factor of some power of (rs)~^). 
Based on these data, together with (7.3) & (7.4), using the same proof-procedure 
as the above (i): (2), we get 

Af)e, = Af+^')(f|-„e,) (by (7.5)) 

= * Af {£j^l,_,£„k')£l^l ■ ■ ■ £l^l,, (by (7.4)) 

= • • • (using the same procedure of (i): (2)) 

= 0. 

The proof is complete. □ 

7.3. A finite-dimensional Hopf algebra H is semisimple if and only if £(/^) ^ or 
equivalently, ff(/^) 7^ 0. For the algebra b above, y gives a basis for and y' a 
basis for J^. As e(y) = = e(y'), we have 

Proposition 7.3. The Hopf subalgebra b is not semisimple. □ 

7.4- The second aim of this section is to single out the distinguished group-like 
elements of b and fa*. Since the group-like elements of fa* are exactly the algebra 
homomorphisms in Alg][j(fa,K), it suffices to compute its values on the generators. 

Proposition 7.4. Write 2p — X^J^^ j(2n — j)aj, where p is the half sum of 
positive roots of S02n+-L- Let 7 e Algjg{\3,'K) he defined by 

(7.6) 7(efe) = 0, 7(0;^) = {W2p,ujk). 

Then 7 is the distinguished group-like element of fa*. 
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Proof. It suffices to argue that 7 as in (7.6) satisfies ya = ^{ci)y for a — et 
and a = ojk, 1 < k < n, and for y = tx given in Theorem 7.1. Recall from the proof 
of Theorem 7.2 that xek = 0. Thus, yek = txek = = 7(efe)j/. We have 

n 

This completes the proof. □ 

Under the assumptions of Lemma 6.1, {b'Y°°P = b* as Hopf algebras, via the 
map (j) : (b')^°°P — > b*,(^(a;j) = 7j,<?i(/j) = ??j (for definition, see the proof of 
Lemma 6.1.). This allows us to define a Hopf pairing b' x b — > K whose values on 

generators are given by 

(7.7) {fj I Ci) = 5ij , (^ \ui) = {u'j , Ui) , 

and are zero on all other pairs of generators. 

By (7.6) & (7.7), we get (w^^ | h) = 7(6), for all 6 Gb. 

Note that bg-i ,,-1 = (b')™°'' = b* as Hopf algebras. Under the isomorphism 
(where V'(/i) = ^i, = Wi), a nonzero left (resp., right) integral of b 

maps to a nonzero left (resp., right) integral of b*. Thus, we have 

Proposition 7.5. Let \ = vrj and \' = r)v , where 

n n 

where rjr^^ = ryfj^r^f-^i ■ --vtuVtu' ■ • < n)' = ??n7n . = Vi, 

Then X is a left integral and X' is a right integral ofb*. □ 

Corollary 7.6. The element g = uj^p is the distinguished group-like element 
ofb, and under the Hopf pairing in (7.7), 

{uj'i\g) = {w'i,W2p) =-fi{g). 

n 

Proof. Let = where .f^^ = .^t 1^7^^ .. .. 

i — 1 

for i < n— 1, and J-'- — pi = Then we have 

Because 0-^(A') = {]X^^^{1 + ^^'i + • • • + (wO^"^))> i* foUows that 

7feA' = (w^,W2p)"^A', and %A' = 0. 
Taking g = uj^L we have ^A' = £,{g)X' for all ^ G b*. □ 
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8. To be a ribbon Hopf algebra 

8.1. A finite-dimensional Hopf algebra H is quasitriangular if there is an invertible 
element R = Y^^i ® Hi \n H ® H such that A°?'(a) = RA{a)R^^ for aU a e H, 
and R satisfies the relations (A (g) id)R = i?i,3i?2.3, {id Cg) A)R — i?i,3i?i,2, where 
Ri,2 = <8) yi (8) 1, i?i,3 = X^s^i (8) 1 and i?2,3 = 1 2/^- 

Write u = Y S{yi)xi. Then c — uS{u) is central in H (cf. |Kaj ) and is referred 
to as the Casimir element. 

An element w G 7? is a quasi-ribbon element of quasitriangular Hopf algebra 
{H,R) if (i) = c, (ii) S'(w) = u, (iii) e{v) = 1, (iv) A{v) = iR2sR)'Hv ® «), 
where i?2,i = X) Ui^^i- If moreover u is central in iJ, then w is a ribbon element, and 
(-ff, i?, u) is called a ribbon Hopf algebra. Ribbon elements provide a very effective 
means of constructing invariants of knots or links. 

8.2. The Drinfel'd double D[A) of a finite-dimensional Hopf algebra A is quasitri- 
angular, and Kauffman-Radford ( [KRj ) proved a criterion for D{A) to be ribbon. 

Theorem 8.1. ([KR, Thm. 3]) Assume A is a finite-dimensional Hopf algebra, 
let g and ^ be the distinguished group-like elements of A and A* respectively. Then 

(i) {D{A),R) has a quasi-ribbon element if and only if there exist group-like 
elements h £ A, 5 ^ A* such that — g, 5'^ ~ 7. 

(ii) {D{A), R) has a ribbon element if and only if there exist h and 6 as in (i) 
such that 52(a) = h{d ^ a ^ 5~^)/i"\ V a £ A. 

8.3. As a consequence of Theorem 8.1, we have 

Theorem 8.2. Assume r, s are £th roots of unity. Then for the Hopf subalgebra 
b o/Ur,s(s02n+i); the following are equivalent 

(i) D{^) has a quasi-ribbon element; 

(ii) D{h) has a ribbon element; 

(iii) £ is odd. 

Proof. By Corollary 7.6, g = uj2p is the distinguished group-like element of 
b. There exists a group- like element h — YVj^i^j' ^ ^ with aj G Z such that 

— g if and only if the equations 2a j = —j{2n — j) mod^ can be solved for 
J = 1, • • ■ ,n. Solutions exist if and only if £ is odd. Suppose now £ is odd, then 
we can take h = uj~^ £ b. Because 7 = {Loi^p \ •) corresponds to under the 
isomorphism : b* {b'y°°P, there exists a S — {uj'p | •) e b* such that S'^ = 7, 
where S € Algjj(b,K) is defined by 

S{ek) = 0, 5{ujk) = {uj'p,uJk)- 

Then using (7.1), we get 

h{d cjfe ^ S^^)h^^ = d{u;k)6^^{ujk)huJkh^^ = Wfc = S^{ujk). 
h{S ^ck^ 5-^)h-^ = 5{l)5-^{uJk)hekh'^ 
= {uj'p,ujk)~^hekh''^ 

= Wp:^ky^Wk^^p)~^<ik 

= r^'^SkCk = uj'^'^ekUJk = S^ick). 
By Theorem 8.1, we complete the proof. □ 
By Theorem 16. 2[ we have 
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Corollary 8.3. Assume that r = 6^ , s = 6^ , where 9 is a primitive £th root 
of unity and (2"~^(y" + (— l)"z"),£) = 1. Then the following are equivalent 

(i) u,-.s(s02ri+i) has a quasi-ribbon element; 

(ii) Ur,s(s02ri+i) has a ribbon element; 

(iii) £ is odd. □ 
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Appendix: the proof of Lemma 3.6 

Proof. (1): The proof is divided into 3 steps: 

(1) If j > i + 3, then taking decomposition £ij' = [£i^i+2,£i+3,j']», combining 
with £^^i+2ei+i = e,+i_£i^^+2 (by Lemma 3.3 (1)), fj+sj/ej+i = Cj+ifj+sj/ (by 
Lemma 3.1 (2)), we get fjj'ej+i = Cj+ifjj'. 

(ii) If j = i + 3 = n, then 5„_3,„'e„_2 = e„_2f„-3,n' (by Lemma 3.3 (6)). If 
j = i + 3 < n, then the decomposition £i.i+3' = [£i^i+4' , Ci+s], shows £i^i+3>ei+i 
ei+i£tA+3', as ei+i commutes with ej+s and fi,i+4' = [£i,i+2,£i+3,i+i']» (by Lemma 
3.1 (4), Lemma 3.3 (1) & Lemma 3.1 (2)). 

(iii) If j = i + 1 = n (as j ^ i + 2 hy assumption), then the case is just (2.7). 
If j = i + 1 = n — 1, then by (2.4), Lemma 3.3 (1) & (-B5), we have 

[fn-2,n-l', e„_i] = £„_2,n-l'e„_i— r~^e„_if„_2,n-l' 

~ (^n— 2,n'^n— 1 ^ ^n— l^n— 2,n')^n— 1 ^n— l(^n— 2,n'^n— 1 ^ ^n— l^n— 2,7i') 

~ (^n— 2,n^n ^^^n^n— 2, 71)^71— 1 ^ ^n— 1 (^n— 2,n^n '^^^n^n— 2,n)^n— 1 

~ '^Cn— l(^n— 2,ne„— rse„f„_2,n)e„_i-|-(rs) ■^e^_]^(£„_2,n6n~7'Se„£„_2,n) 

= ^n-2,n(e„e^_i - (r"^+s"^)e„_ie„e„_i+(rs)"^e^_ie„^ 

-(rs)(^ene^_i - (r~^+s~^)e„_ie„e„_i+(rs)"^e^_ie„^(S„_2,n 
= 0. 

If j = i + 1 < n — 1, then by (ii), we have 

[£i,i+l' = £i,i+Vei+l—r ^Ci+i^i^i+i' 

= {£i,i+2'^i+i—s '^ei+i£i^i+2')ei+i—r ^ei+i(£i_i+2'ei+i— * '^ei+i£i,i+2') 

= {£i,i+3' ei+2 —S~^ei+2£i,i+3' — S~^ei+i {£^i+3' ei+2 — S~^ei+2f i,i+3' )ei+i 

-r~^ej+i(£j,j+3'ej+2-s~^ej+25i,i+30ei+i+(rs)~^e^+i(£i,j+3'ei+2-s~^ej+25i,i+3'^ 
= £i,i+3' (ei+2ef+i-(r"^+s"^)ei+iei+2ei+i+(rs)"^e^+ie^+2) 

-s"^(ej+2e-+i-(r"^+s"^)ei+ie,+2ej+i+(rs)"^ei+ie8+2)(Si,i+3' 

where in the 1st " = " we used the definition, in the 2nd and 3rd " = " we used 
(2.4), in the 4th " = " we used ei+i£i^i+3' = £i,i+3'ei+i in (ii), while in the last 
" = ", we used the (r, s)-Serre relations {B5). 

(2) : From the proof of step (iii) in (1), we have £j-\jiej = r~'^ej£j-\ji for j < 
n. Hence, for i < j — 1, we have £i,j'ej = r~'^ej£ij' since £ij' = [£ij-2,£j-i,j']r'2- 

(3) : If i + 2 = n, then this is the special case of Lemma 3.4 (4). 
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If i + 2 < n, then using (2), we obtain 

= £i,i+2i £i+l,i+2 — {Ts) ,+1,8+2^1,1+2' , 

SO (3) is equivalent to prove 

^i+l,i+2^i,i+2' = (''s)^fi,i+2'^i+l,i+2, i + 2 < n. 

If i + 2 = n — 1, then using Lemmas 3.4 (1) and 3.2 (3), we obtain 

^n— 2,n— l^n— 3,n— 1' ~ ^n— 2,n— l^n— 3,n'^n— 1 ^ ^n— 2,n— l^n— l^n— 3,n' 

~ ^n— 3,n'^n— 2,n— 1 ~l~ ^n— 3,n^n— 2,n ^^^n— 2,n^n— 3,n^ ^n— 1 

^n— l^n— 2,n— l^n— 3,n' 
— (^5) ^n — 3,n'^n— l^n— 2,n— 1 

~1~ ^n — 3,n^n — 2,n6n— 1 ^^^n— 2,n^n— 3,n^n— 1 

^ Ctj,— l<^n— 3,n'^n— 2,n— 1 

^n—l£n—3.7i£n—2.n ~t~ ^5C72_i£^7^_2,n^n— 3,n 

= (?'s)^£„_3,„_l'£„_2,ri-l, 

where the sum of terms underhned is since e„_i commutes with £n-2,n,£n-3,n- 
The argument for i + 2 < n — 1 is similar by using Lemmas 3.3 (8) and 3.4 (2). 

(4) For i < j < I < n: first noting the case when j = l—l and i = j—1 = 1—2, 
by (3), we have Si-2,i-i'ei = e;£(_2,;-i' for I < n. For the case when j = l—l 
and i < Z - 3, using £i^i-v = [£i^i-3,£i-2,i-i']r^ and ei£i^i-z = £1^-361, we obtain 
ei£i,i-v = £i,i-i'&i- 

For the case when j <l — l, noting that £i^ji = [• ■ ■ e;_2]s-2, • • • ) ^As-^ 

and eiCk = 6^6; for j < < / — 2, wc get ei£i^ji — £ij'ei iov i < j <l <n. 

(5) : First, we clclini: ^i n'^i.n—V — ^i.n—V^i.n' 

for ^ < n — 1. Indeed, 

by Lemma 3.4 (1), en-iSi^n' = r'^^i^n'^n-i -\- £i,n£n-i,n - rsSn-i,n£i,n- Again by 

Lemma 3.5 (3) & Lemma 3.4 (5), Si^n£i,n' = S^Si^n'£%,n, £i,n'£n-l,n = £n-l,n£i,n'- 

So using (2.4), we have 

[£i,n' ■) £i,n—l'] ~ £i,n'£i,n—l' £i,n—l'£i,n' 

~ £i,n'^iT-—^ ^ £i,n' (^n— l^i,n' l,n ^^^n— l,n^i,n)^i,n' 

= 0, 

this means £i^n'£i,n-v = r~'^£i,n-v£i,n' for i < n — 1. 

Next, we claim: £i^n'£i.j' = i'~'^£i,j'£i.n' for i < j < n. In fact, noting £iji = 
[• • • [£■»,„_!', e„_2]s-2, • ■ • , ej\g-2 and ek£i,n' = £i,n'ek for any k with i < k < n-1, 
we arrive at the required result. 
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Finally, we claim: £i,i'£ij' = r^^Sij'Si^v for j < I < n. This follows from (4) 
and Si^it = [ • • • e„-i]s-2, • • • , ei]s-2. 

(6) follows from (4) and Lemma 3.5 (6). 

(7) follows from (2) & (6). 

(8) : By Lemma 3.3 (5), we have £i^n-i£i,n = £i,n£i,n-i and 

£i,n — l£i^n' (^^) £i^n'£i,n—l 

~ £i,n—\{£i^n^n '^^^n£i,n) (^^) {,£i,n^n '^^^n£i,n)£i,n—l 

= s{s-r)£l„. 

This completes the proof. □ 
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